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In this paper, undrained diffuse instability and strain localization of frictional materials under plane strain conditions were studied. Based on
a 3D non-associated Mohr–Coulomb hardening model, the theoretical criteria for diffuse instability and strain localization were proposed by the
second-order work theorem and the vanishing of the determinant of the acoustic tensor. The criteria were used to predict the instability
characteristics of soil specimen in isotropically and anisotropically consolidated plane strain tests. The studies showed that, when the soil
specimen was loaded under strain-controlled loading mode, the soil becomes potentially unstable slightly before the shear stress reaches its peak
value. The initiation of diffuse instability accompanies with the peak of shear stress, and strain softening occurs with further loading. Strain
localization was predicted by the vanishing of the determinant of the acoustic tensor, and it is shown to occur after the diffuse instability. The
non-coaxial plasticity ﬂow rule was adopted to improve the prediction the onset of strain localization, while the inclusion of non-coaxial plasticity
ﬂow rule shows no inﬂuence on diffuse instability. Both diffuse instability and strain localization occur at the hardening stage of the soil and
result in the reduction of the deviatoric shear stress.
& 2014 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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While failure, instability and bifurcation are typical pro-
blems in geomechanics, they are not synonymous (Chambon
et al., 2004). The failure of soil occurs when the stress
difference reaches a limiting value (Lade, 2002), and it is
often characterized by Mohr–Coulomb plastic limit criterion.
The stability problem is a widely discussed problem and has0.1016/j.sandf.2014.11.003
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der responsibility of The Japanese Geotechnical Society.different deﬁnition: Bellman, 1953 pointed out that stability is
a much overburdened word with an unstabilized deﬁnition.
Lyapunov (1907) established the fundamental stability theory.
From an engineering standpoint, a given system is stable if it is
insensitive to small perturbations (Chambon et al., 2004),
otherwise, instability behaviors, which correspond to the
spontaneous change of the deformation mode in the next
loading increment occurs. Bifurcation is a widely used theory
in physics: it means the existence of more than one response
path from a given state for the same loading path (Nicot and
Darve, 2011). For non-associated materials, either strain
localization or diffuse instability tend to occur before the
Mohr–Coulomb plastic criterion is met. Strain localization
(Alshibli and Sture, 2000; Desrues and Viggiani, 2004)Elsevier B.V. All rights reserved.
Nomenclature
A ﬁtting parameter of hardening rule
Ad potential function parameter
Cnpijkl non-coaxial compliance matrix
d0 parameter of potential function
D dilatancy function
Deijkl elastic tensor
Dpijkl plastic tensor
Depijkl elasto-plastic tensor
ðDepijklÞsys symmetric part of elasto-plastic tensor
E elastic modulus
e0 void ratio at initial state
eij deviatoric strain
F yield function
G pressure dependent shear modulus
G0 elastic shear modulus
gðθσÞ shape function in deviatoric stress plane
H hardening modulus
Ht non-coaxial hardening modulus
J2 second stress invariant
K bulk elastic modulus
M stress ratio
Mf peak stress ratio
Md dilatancy stress ratio
p0 mean stress
pat atmospheric pressure
q equivalent shear stress
Q plastic potential
s mean stress deﬁned in 2D condition
s0ij; S
0
ij effective deviatoric stress
t shear stress deﬁned in 2D condition
u pore water pressure
β parameter of the shape function
δij Kronecker delta
ε mean strain in 2D condition
εij strain tensor
εs; _εs equivalent strain and rate
_εes equivalent elastic shear strain rate
εps equivalent plastic strain
εv; _εv equivalent volumetric strain and rate
_εev equivalent elastic volumetric strain rate
γ shear strain in 2D condition
ν Poisson ratio
σ0ij total stress and effective stress tensors
σ0ij effective stress tensors
σ1, σ2, σ3 principal stress
λ plastic multiplier
θ shear band angle
θσ Lode angle
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diffuse instability (Ramos et al., 2012; Daouadji et al., 2011)
usually happens in the case of homogeneous problem and there
may be loss of homogeneity randomly distributed in space (but
non localized pattern). The strain localization problem has
been a hot topic and has been widely studied since 1970s, but
diffuse instability was seldom explored until recent years
(Khoa et al., 2006; Prunier et al., 2009; Laouafa et al., 2011).
Strain localization has been studied experimentally (Desrues
and Viggiani, 2004), theoretically (Bardet, 1990) and numeri-
cally (Andrade and Borja, 2006; Lu et al., 2012), and has also
been used in the progressive failure analysis of engineering
problems (Zienkiewicz and Huang, 1995). The widely used
theoretical framework for the prediction of strain localization is
the localization criterion of Rudnicki and Rice (1975), Rice
and Rudnicki (1980), which corresponds to the vanishing
determinant value of the acoustic tensor. The predicted results
from localization criterion signiﬁcantly depend on the consti-
tutive model. For the deﬁciency of conventional plasticity
model in the prediction of strain localization, non-coaxial
plastic ﬂow rule is often necessary to improve the predicted
results. Originated from the vertex-theory (Rudnicki and Rice,
1975), a non-coaxial Mohr–Coulomb elasto-plasticity model
was formulated by Papamichos and Vardoulakis (1995) in the
2D condition to study the strain localization under the plane
strain condition. In order to study the strain localization in
plane strain tests as a 3D problem, the original 2D model has
been extended to 3D case (Qian et al., 2008). This extendedmodel was further modiﬁed by using an elaborated shape
function to predict the strain localization on both isotropic and
cross-anisotropic soils under true triaxial conditions (Huang
et al., 2010; Lu et al., 2011). The inﬂuence of non-coaxial ﬂow
rule on the failure of soil has been also studied by the
numerical modeling of soil element test and real engineering
problems (Yang and Yu, 2010; Yang et al., 2011). These
aforementioned researches on strain localization were based on
the drained condition. However, previous experimental studies
(Han and Vardoulakis, 1991; Finno et al., 1997; Chu and
Wanatowski, 2009) and recent theoretical studies (Guo and
Stolle, 2013; Noda et al., 2013a,2013b) have shown that strain
localization also occurs under the undrained condition.
Diffuse instability is a phenomenon different from strain
localization, and has been observed in drained tests with
constant deviatoric shear (Chu et al., 2012) and undrained
tests (Lade, 1994). Under the undrained condition, after the
attainment of the peak deviatoric stress, the mechanical state of
the soil element is potentially unstable, while in order to
observe an instability (leading to a diffuse failure), a change in
the loading mode is required (Nicot and Darve, 2011). As
frequently observed in undrained triaxial tests (Lade and
Pradel, 1990; Sladen et al., 1985) and plane strain tests
(Wanatowski and Chu, 2012) on loose granular soil, the
occurrence of the peak shear stress often corresponds to the
onset of static liquefaction (Kramer, 1996; Vaid and
Sivathayalan, 2000; Chu et al., 2003). The evaluation of the
onset of static liquefaction was mostly based on the instability
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Fig. 1. Illustration of plane strain condition.
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If the stress state is located above the instability line, the soil is
potentially unstable or conditionally stable (Lade and
Yamamuro, 2011). In recent years, the mathematical criterion
for predicting the onset of static liquefaction has been
proposed by bifurcation analysis (Borja, 2006) or by loss of
controllability analysis (Nova, 1994; Buscarnera et al., 2011).
Andrade (2009) showed that both theories provide the same
results under the axi-symmetric condition. The current studies
on static liquefaction are mostly based on axi-symmetric
conditions and have seldom been studied under plane strain
conditions (Chu and Wanatowski, 2008). However, it is
important to study diffuse instability under plane strain
condition since most geotechnical engineering problems can
only be simpliﬁed into plane strain conditions.
In most previous studies, the diffuse instability and strain
localization were usually investigated separately, while these
could be analyzed in a uniﬁed manner by bifurcation theory.
Strain localization could be viewed as a bifurcation of
homogeneously deformed material element since it usually
occurs after inﬁnite bifurcations are encountered in a loading
path (Bigoni, 2012). Diffuse failures, when associated with a
burst in kinetic energy, can be described as a bifurcation from
a quasi-static regime toward a dynamical regime. The study of
Nicot and Darve (2011) showed that when a mechanical state
of a specimen belongs to the bifurcation domain, the failure
mode depends on the loading conditions, if the localization
criterion is met, a localized failure mode occurs, if not, a
diffuse mode is expected. Wan et al. (2013) studied both
instabilities with an identical constitutive model and the results
showed that the diffuse instability precedes and leads to strain
localization. It should be noted that these studies were based
under the axi-symmetric condition, and it is still unknown
whether these results are applicable to plane strain undrained
condition.
The main objective of this paper is to investigate diffuse
instability and strain localization under the undrained plane
strain conditions theoretically. Following the description of
the problem in second section, the third section is the brief
description of 3D non-coaxial Mohr–Coulomb hardening
model. The fourth section is a description of the second-
order work theorem and bifurcation analysis. The ﬁfth
section is a theoretical prediction of diffuse and strain
localization based on two experimental results. The inﬂu-
ences of non-coaxiality on the prediction of both phenom-
enons are discussed in detail.
2. Stress and strain under plane strain condition
Plane strain condition is a typical and important stress
condition in geotechnical engineering, and in fact many typical
problems such as bearing capacity, slope stability and earth
pressure problems could be simpliﬁed as a plane strain
problem. Although the constitutive relationship of soil under
undrained plane strain condition has been studied previously,
the instability and failure mechanism under this condition still
needs further study.According to the Terzaghi’s principle, the effective stress
can be expressed by
σ0ij ¼ σijuδij ð1Þ
where σij is the total stress, σ0ij is the effective stress, and u is
the pore water pressure.
The stress state of a soil specimen under plane strain
condition is shown in Fig. 1, and the deformation in y-axis
direction was constrained. For the convenience of arranging
the test results, the stress state of plane strain tests is sometimes
deﬁned by
s¼ ðσ01þσ03Þ=2
t¼ ðσ01σ03Þ=2
(
ð2Þ
where σ01 and σ
0
3 are the stresses along z-axis direction and x-
axis direction, respectively.
The corresponding strains are
ε¼ ε1þε3
γ ¼ ε1ε3
(
ð3Þ
where ε3 ¼ ε1 and ε2 ¼ 0 under plane strain undrained
condition.
In Eq. (2), the intermediate stress is not considered. It has
been shown from experiments (Shapiro and Yamamuro, 2003)
and theoretical analysis (Lade, 2006) that the intermediate
principal stress has a great inﬂuence on the deformation and
the strength of soil. Since ignoring the principal stress in
constraint lateral direction may lead to inaccurate predictions
of the constitutive response, a 3D stress analysis is required. In
the 3D case, the mean effective stress p0 and deviatoric stress q
are
p0 ¼ σ01þσ02þσ033
q¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ1σ3ð Þ2þ σ1σ2ð Þ2þ σ2σ3ð Þ2
2
q
8><
>: ð30Þ
And the corresponding volumetric εv strains and deviatoric
strain εs are
εv ¼ ε1þ ε33
εs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 ε21þ ε23þ ε1 ε3ð Þ2½ 
p
3
8<
: ð4Þ
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In order to describe the mechanical response of soils under
the plane strain condition properly, the stress–strain relation-
ship should be considered dependent on the Lode angle. The
yield function and plastic potential function of the 3D Mohr–
Coulomb elasto-plasticity hardening model under general
stress condition are
F ¼ qMgðθσÞp0 ¼ 0
Q¼ qþ Ad1Ad Mdp0gðθσÞ 1þ
p0
pat
 ð1AdÞ ¼ 0
8><
>: ð5Þ
where p0 ¼ σii=3u, u is the pore water pressure;
q¼ ﬃﬃﬃﬃﬃﬃﬃ3J2p ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3sijsij=2p , θσ ¼ sin 1½3 ﬃﬃﬃ3p J3=ð2J3=22 Þ=3,
J3 ¼ sijsjkski=3, deviatoric stress sij ¼ σ0ijδijp, σ0ij ¼ σiju,
δij is the Kronecker delta; Ad is material parameter; pat¼101.3
kPa is the atmospheric pressure; M is the current stress ratio;
Md is the stress dilatancy parameter; gðθσÞ is the shape function
which is used to describe the yield function in 3D stress space.
The shape function plays an important rule on the description
of the soil strength when intermediate principal stress is
considered. For the elliptical Lode-dependence shape function
(William and Warnke, 1975) always keeps convexity for all
values of β (Bardet, 1990), here, it is adopted
g θσð Þ ¼
2ð1β2Þ cos π6 θσ
 þð2β1Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4ð1β2Þ cos 2 π6 θσ þβð5β4Þ
q
4ð1β2Þ cos 2 π6 θσ
 þð2β1Þ2
ð6Þ
where β is the a strength coefﬁcient which corresponds to the
strength ratio of triaxial extension condition and triaxial
compression conditions. Considering that the peak friction
angle under triaxial tension condition is different from that
under triaxial compression condition (Huang et al., 2010;
Lade, 2006), the coefﬁcient β becomes
β ¼ sin φEð3 sin φCÞ
sin φCð3þ sin φEÞ
ð7Þ
where φC and φE are the friction angle under axisymmetric
compression and tension condition respectively.
The evolution of the stress ratio M is assumed to follow the
hyperbolic law (Pietruszczak and Stolle, 1987)
M ¼Mf
εps
Aþεps ð8Þ
where the equivalent plastic shear strain εps ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2eijeij=3
p
,
eij ¼ εijδijεii=3, and A is a ﬁtting parameter.
According to the non-coaxial plasticity theory, the rate form
of the stress–strain relationship is
_σ0ij ¼Depijkl _εij ¼Depijklð_εeijþ _εcpij þ _εnpij Þ ð9Þ
where _εcpij is the coaxial part of the plastic strain rate and can be
obtained from the conventional plasticity theory, _εnpij is the
non-coaxial plastic strain rate.The non-coaxial plastic strain is often expressed in devia-
toric form
_enpij ¼
1
Ht
_snij ð10Þ
where _enpij ¼ _εnpij δij _εnpij =3, Ht is a non-coaxial parameter, and
_snij is the non-coaxial stress rate and can be given by
_snij ¼ _sij
_sklskl
smnsmn
sij
_sklSkl
SmnSmn
Sij ð11Þ
where Sij ¼ sikskj 23 J2δij 32 J3J2 sij.
After the combination of Eqs. (10)–(11), the elasto-plastic
tensor can be given as follows
Depijkl ¼ DeijklDeijmn

∂Q
∂σmn
∂F
∂σst
HPþð∂F=∂σpqÞDepquvð∂F=∂σuvÞ
þ Ht
Htþ2G
Cnpmnst
 !
 Destkl
ð12Þ
where
Deijkl ¼ K 23G
 
δijδklþGðδikδjlþδilδjkÞ
Cnpijkl ¼ 1Ht
δikδjlþ δilδjk
2 
δklδij
δmnδmn
 sijsklsmnsmn 
SijSkl
SmnSmn
h i
8<
:The elastic behavior is assumed to be state-dependent, and
the bulk K and shear modulus G are
K ¼ 2ð1þ νÞ3ð12νÞG
G ¼ G0patðð2:97eÞ2=1þeÞ
ﬃﬃﬃﬃ
p0
pat
q
8><
>: ð13Þ
where G0 is a material constant, ν is the Poisson’s ratio, and
e is the void ratio.
The derivation of yield function and potential plastic
function are
∂F
∂σ0ij
¼ Mgðθσ Þδij3 þ
3sij
2q þ 
ﬃﬃ
3
p
δij
3 þ
ﬃﬃ
3
p
sij sin ð3θσ Þ
2q þ
3
ﬃﬃ
3
p
sikskj
2q2
h i

ﬃﬃ
6
p
Mp0
2q cos ð3θσÞ
∂g
∂θσ
∂Q
∂σ0ij
¼ AdðMMcÞgðθσ Þδij3 þ
3sij
2q þ 
ﬃﬃ
3
p
δij
3 þ
ﬃﬃ
3
p
sij sin ð3θσ Þ
2q þ
3
ﬃﬃ
3
p
sikskj
2q2
h i

ﬃﬃ
6
p
2gðθσ Þ cos ð3θσ Þ
∂g
∂θσ
8><
>:
ð14Þ
The hardening modulus can be obtained from Eqs. (5) and
(8) as
Hp ¼ 
∂F
∂M
∂M
∂εps
¼ pg θσð ÞMfAðAþεepÞ2
ð15Þ4. Criteria for diffuse instability and strain localization
4.1. Diffuse instability
During the undrained plane strain compression tests, diffuse
instability can be predicted by Hill’ stability postulate (Laouafa
et al., 2011; Hill, 1958; Darve and Laouafa, 2000). These
results have been conﬁrmed under axi-symmetric condition,
while it has never been conﬁrmed under plane strain condition.
According to Hill (1958)’s second-order work theory, the
Table 1
The model parameters (experimental data after Han and Vardoulakis, 1991;
Finno et al., 1997).
Parameters St Peter Sandstone sand Masonry sand
G0 (kPa) 175 125
Ν 0.05 0.05
Mf 1.70 1.26
Β 0.66 0.74
Md 1.38 1.22
e0 0.647 0.867
d0 2.38 2.88
A 0.001 0.0015
Ht (kPa) 2900 300
X. Lu et al. / Soils and Foundations 54 (2014) 1070–10801074necessary condition for the undrained diffuse instability is
d2w¼ d ~σ 0ijd ~εijr0 (‖d ~εij‖a0 ð16Þ
where d2w is the second-order work, d ~σ 0ij is the effective stress
increment, and d ~εij is the corresponding strain increment.
On the condition that the constitutive relationship is given,
the stress increment can be expressed by a corresponding strain
increment, which then yields
d ~εijD
ep
ijkl ~εklr0 (‖d ~εij‖a0 ð17Þ
In a numerical computation, the second order tensors of
stress and strain are often represented by vectors with six
components, and the fourth order constitutive tensor is
represented by a matrix. Eq. (17) implies the vanishing
determinant value of
det ðDepijklÞsys
h i
r0 ð18Þ
where ðDepijklÞsys is the symmetric part of the constitutive tensor
in matrix notation.
Since Eq. (16) or (18) are the necessary conditions for
diffuse instability, they provide the lower bound of the
potential unstable region in the stress space. When the stress
state of the soil locates inside of the potential unstable region,
the soil comes to be in a potential unstable condition. In order
to make the instability effective (e.g. collapse), three condi-
tions need to be fulﬁlled: the nullity of the determinant of the
symmetric part of the constitutive tensor, the incremental
loading direction and a suitable choice of control loading
variables. The difference from strain localization is signiﬁcant.Fig. 2. The stress–strain relationship.4.2. Strain localization
According the localized criterion of Rudnicki and Rice
(1975), the mathematical condition for the onset of the shear
band corresponds to the vanishing determinant value of the
acoustic tensor
det Ajk
 ¼ det niDepijklnl 12 nj nmσ0mk þ 12 npσ0pqnq
 
δjk

þ 1
2
nmσ
0
mj
 
nk 12 σ
0
jk

¼ 0 ð19Þ
where Ajk is the acoustic tenser, and ni is the components of the
unit vector normal to the shear band. As in most previous
studies, the stress part in the bracket is neglected for simplicity,
and Eq. (19) becomes
det Ajk
 ¼ det niDepijklnlh i¼ 0 ð20Þ
Because the strain corresponding to the onset of strain
localization is often small, this inﬁnitesimal assumption is
reasonable. Further studies about the ﬁnite deformation analy-
sis of shear bands can be found in Desrues and Chambon
(2002).
In the condition of plane strain, when the normal vector of
the shear band is perpendicular to the y-direction (as shown inFig. 1), Eq. (20) becomes
det Ajk
 ¼ C1 tan 4θþC2 tan 2θþC3 ¼ 0 ð21Þ
where ni ¼ f cos θ; 0; sin θg and θ is the inclination of the
shear band; C1 ¼Dep1313Dep1111, C2 ¼Dep1111Dep3333Dep1133
Dep1313Dep3311Dep1313Dep1133Dep3311, C3 ¼Dep1313Dep3333.
5. Model predictions of plane strain undrained tests
5.1. Isotropically consolidated tests
The proposed constitutive model and the criteria of diffuse
instability and strain localization were used to predict the
mechanical behavior of sand in undrained plane strain tests.
The experimental data of Han and Vardoulakis (1991) was
used. The test specimen was made of St Peter Sandstone sand,
which consists of more than 99% round quartz grains. The
main properties of the sand were: speciﬁc gravity Gs¼2.65,
mean size D50¼0.165 mm, coefﬁcient of uniformity Cu¼1.4,
maximum void ratio emax¼0.8868, and minimum void ratio
emin¼0.4706. The prismatic soil specimen had an initial width
of 40 mm, an initial height of 140 mm and a constant thickness
of 80 mm. Before the specimen was sheared, it was isotropi-
cally consolidated at an effective stress of 404 kPa. After
Fig. 3. The pore water pressure.
Fig. 4. The stress-path.
Fig. 5. The evolution of hardening modulus.
X. Lu et al. / Soils and Foundations 54 (2014) 1070–1080 1075consolidation, the initial void ratio of the specimen was
e0¼0.647.
By using the material parameters listed in Table 1, the rate
form of stress–strain relationship was integrated in strain-
controlled loading with strain increments of 0.01%. The
obtained stress–strain relationship is shown in Fig. 2. The
shear stress initially increased with shear strain, and after
attaining a peak value, it decreased with further loading, and
then after reaching a minimum value, it started to increase.
Correspondingly, the pore water pressure (shown in Fig. 3)
increased at ﬁrst, and after the peak value was attained, a slight
decreasing trend was noted. The predicted stress-path is shown
in Fig. 4: the mean pressure decreases at the beginning and
then increases after the appearance of a reversal. The shear
stress initially increases to a peak value and then decreases
continuously before reaching the reversal point of the mean
stress. After the reversal of mean stress, the shear stress
changes from a decreasing trend to an increasing trend. As
shown in Fig. 5, although the hardening modulus keeps
decreasing with the shear strain, it never becomes negative,
indicating that the soil is always hardening.
During the integration process, the determinant of the
constitutive tensor and its symmetric part were calculated.
As shown in Fig. 6, the determinant of the constitutive tensor
decreases with the shear strain and inﬁnitely goes close to zero,
which indicates the attainment of the plastic limit. On the other
hand, the determinant of the symmetric part of the elasto-
plastic tensor becomes negative when γ¼0.518%, indicating
there are loading directions leading to negative values of the
second-order work. As soon as the second-order work is no
longer deﬁnitely positive, the mechanical state is potentially
unstable. A comparison with the results from the coaxial and
non-coaxial models indicates that the strain corresponding to
the vanishing of the determinant of the symmetric part of
elasto-plastic tensor does not change with the inclusion of non-
coaxial ﬂow rule. As shown in Fig. 7, the second-order work
decreases with shear strain and becomes negative when
γ¼0.536%. At the deviatoric stress peak, the undrained
loading direction corresponds to zero value of the second-
order work, and when combined with the mixed loading mode,
the soil specimen becomes unstable. The obtained values of
second-order work from both the coaxial and non-coaxial
model are the same, which indicates that the non-coaxial ﬂow
rule has no inﬂuence on the second-order work.
The localized criterion was employed to predict the onset of
strain localization. The evolution of the determinants of
acoustic tensors obtained from both coaxial and non-coaxial
models are shown in Fig. 8. In both models, the determinants
of acoustic tensors det(Ajk) could become negative as the shear
strain increases. The critical strain which corresponds to the
zero value of det(Ajk) indicates the onsets of strain localization.
The critical strain obtained from the coaxial model is 0.684%,
which is much smaller than the strain level (2%) at which non-
homogeneous deformation was observed experimentally. It
should be noted that there are two critical strains, 1.96% and
3.0%, respectively, in the non-coaxial model. The ﬁrst critical
strain compares well with the experimental result, whichmeans that the onset of the ﬁrst shear band occurs when the
acoustic tensor approaches zero. The determinant of the
acoustic tensor with the angle of the ﬁrst shear band when it
Fig. 6. The evolution of determinant (a) coaxial model (b) non-coaxial model.
Fig. 7. The evolution of second-order work.
Fig. 8. The evolution of the determinant of acoustic tensor.
Fig. 9. The shear band angle.
Fig. 10. The stress–strain relationship.
X. Lu et al. / Soils and Foundations 54 (2014) 1070–10801076approaches zero is shown in Fig. 9. The coaxial model predicts
a shear band angle of 48 degrees, and while the non-coaxial
model predicts shear band angles of 51.2 degrees and 51.8
degrees respectively, the predicted angle from the non-coaxial
model was closer to the experimental results of 57 degrees.
Fig. 11. The pore water pressure.
Fig. 12. The stress-path.
Fig. 13. The evolution of hardening modulus.
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In order to further validate the proposed model and
instability criteria, another series of experiments by Finno
et al. (1997) was used. The soil used in the test was ﬁne-
grained, clean, subrounded to subangular quartz masonry sand,
which had maximum and minimum void ratios of 0.875 and
0.60, with speciﬁc gravity Gs¼2.68, mean size D50¼0.32 mm
and the coefﬁcient of uniformity Cu¼1.3. The prismatic soil
specimen was 40 mm 80 mm 140 mm and was K0-con-
solidated at a constant axial strain rate of about 0.28%
per hour.
By adopting the model parameters listed in Table 1, the
plane strain undrained tests were simulated via strain-
controlled loading with strain increments of 0.01%. The
obtained stress–strain relationship is shown in Fig. 10. As
shown in Fig. 10, the shear stress increased rapidly with strain,
and after reaching a peak, decreases with further strain. As
shown in Fig. 11, the pore water pressure increased with the
imposed strain at ﬁrst, and then decreased slightly after
peaking. Obviously, the attainment of peak pore pressure falls
behind the peak deviatoric shear stress. The predicted stress
path in the p0 q stress space is shown in Fig. 12. The mean
stress p0 decreases continuously from 220 kPa to a minimum
value of about 115 kPa and then begins to increase. As shown
in Fig. 13, the hardening modulus decreases with the imposed
strain, and it approaches zero when the strain is large enough.
During the loading process, the hardening modulus always
remains positive, indicating that the soil is always hardening.
The determinant of the symmetric part of the elasto-plastic
tensor tensor was calculated to predict the onset of diffuse
instability. As shown in Fig. 14, the determinants obtained
from the coaxial model and non-coaxial model attain zero at
the same axial strain, ε1¼0.116%. It implies that the non-
coaxial ﬂow rule does not change the prediction of potential
diffuse instability. The evolution of second-order work with
the imposed strain is shown in Fig. 15. The second-order work
becomes negative at ε1¼0.134%, the deviatoric stress peaks
and the soil becomes potentially unstable with further loading.
In order to predict the onset of strain localization, the
determinant of the acoustic tensor det(Ajk) was calculated
during the loading process. The results are shown in Fig. 16.
Theobtained det(Ajk) from the coaxial model became negative
at strain ε1¼0.212%. However, det(Ajk) changed signs twice
during the loading process in the non-coaxial model. The ﬁrst
change occured at ε1¼0.601%, while the second one occured
at ε1¼3.012%. The changing of the sign of det(Ajk) implies the
possibility of a shear band. If the onset of a shear band ﬁrst
occurs when det(Ajk) reaches zero, the constitutive relationship
would change and the stress–strain would not follow the
material response. In the absence of the onset of a shear band,
the constitutive relationship would not change, and a shear
band would occur the next time det(Ajk) changes from negative
to positive. The experiments showed that non-homogeneous
deformation begins at ε1¼2.7%, and therefore the predicted
strain corresponds to the second time when det(Ajk) approach-
ing zero. This compares very well with the experimental result.The relationship between the acoustic tensor and shear band
angle when the acoustic tensor approaches zero is shown in
Fig. 17. The coaxial model provides a shear band angle of 47.9
Fig. 14. The evolution of determinant (a) coaxial model (b) non-
coaxial model.
Fig. 15. The evolution of second-order work.
Fig. 16. The evolution of the determinant of acoustic tensor.
Fig. 17. The shear band angle.
X. Lu et al. / Soils and Foundations 54 (2014) 1070–10801078degrees, and the non-coaxial model provides angles of 49.8
degrees and 51.0 degrees. It should be noted that the result for
non-coaxial model is closer to the experimental value of 57
degree than that of the coaxial model.6. Conclusions
The undrained diffuse instability and strain localization in
sand under plane strain conditions were studied. By adopting
the 3D Mohr–Coulomb non-coaxial non-associated hardening
elasto-plasticity model, the second-order work theorem and
bifurcation analysis were used to predict the onset of diffuse
instability and strain localization. The determinant of the
symmetric part of the elasto-plastic tensor was used to obtain
the lower bound solution of the potentially unstable region,
and the onset of undrained diffuse instability was indicated by
the second order work. The results showed that undrained
diffuse instability occurs soon after the stress state enters the
potentially unstable region. The determinant of the acoustic
tensor was used to predict the onset of strain localization. It
was shown that strain localization occurs after diffuse instability.
The non-coaxial ﬂow rule does not change the prediction of
diffuse instability, despite its signiﬁcant inﬂuence on the
prediction of strain localization. Both diffuse instability and
strain localization occur at the hardening stage of the soil, and
X. Lu et al. / Soils and Foundations 54 (2014) 1070–1080 1079therefore they are not caused by the material weakening after
peak failure but rather are precursors of soil failure.Acknowledgments
The ﬁnancial supports by National Program on Key Basic
Research Project (973 Program through grant no. 2012CB719803),
National Science Foundation of China (NSFC through grant no.
11372228) and Natural Science Foundation of Shanghai Munici-
pality (grant no. 13ZR1443800) are gratefully acknowledged. We
are grateful to the anonymous reviewers for their helpful comments
and suggestions. The ﬁrst author also extends his acknowledge-
ment to Professor José E Andrade at the California Institute of
Technology for his help in doing the research.References
Alshibli, K.A., Sture, L.S., 2000. Shear band formation in plane strain
experiments of sand. J. Geotech. Geoenviron. Eng.—ASCE 126 (6),
495–503.
Andrade, J.E., 2009. A predictive framework for liquefaction instability.
Géotechnique 59 (8), 673–682.
Andrade, J.E., Borja, R.I., 2006. Capturing strain localization in dense sands
with random density. Int. J. Numer. Method Eng., 671531–671564.
Bardet, J.P., 1990. A comprehensive review of strain localization in elasto-
plastic soils. Comput. Geotech., 10163–10188.
Bardet, J.P., 1990. Lode dependences for pressure-sensitive isotropic elasto-
plastic materials. J. Appl. Mech.—ASCE 57 (3), 498–506.
Bellman, R., 1953. Stability Theory of Differential Equations. Mc-Graw Hill.
Bigoni D. 2012. Nonlinear Solid Mechanics: Bifurcation Theory and Material
Instability. 2012, Cambridge.
Borja, R.I., 2006. Condition for liquefaction instability in ﬂuid saturated
granular soils. Acta Geotech. 1 (4), 211–224.
Buscarnera, G., Dattola, G., di Prisco, C., 2011. Controllability, uniqueness
and existence of the incremental response: a mathematical criterion for
elastoplastic constitutive laws. Int. J. Solids Struct. 48 (13), 1867–1878.
Chambon, R., Caillerie, D., Viggiani, G., 2004. Loss of uniqueness and
bifurcation vs instability: some remarks. Revue Française de Génie Civil 8
(5–6), 517–553.
Chu, J., Wanatowski, D., 2008. Instability conditions of loose sand in plane
strain. J. Geotech. Geoenviron. Eng.—ASCE 134 (1), 136–142.
Chu, J., Wanatowski, D., 2009. Effect of loading mode on strain softening and
instability behavior of sand in plane-strain tests. J. Geotech. Geoenviron.
Eng.—ASCE 135 (1), 108–120.
Chu, J., Leroueil, S., Leong, W.K., 2003. Unstable behaviour of sand and its
implication for slope instability. Can. Geotech. J., 40873–40885.
Chu, J., Leong, W.K., Loke, W.L., Wanatowski, D., 2012. Instability of loose
sand under drained conditions. J. Geotech. Geoenviron. Eng.—ASCE 138
(2), 207–216.
Daouadji, A., Darve, F., Gali, H.A., Hicher, P.Y., Laouafa, F., Lignon, S.,
Nicot, F., Nova, R., Pinheiro, M., Prunier, F., Sibille, L., Wan, R., 2011.
Diffuse failure in geomaterials: experiments, theory and modelling. Int. J.
Numer. Anal. Methods Geomech. 36 (16), 1731–1773.
Darve, F., Laouafa, F., 2000. Instabilities in granular materials and application
to landslides. Mech. Cohesive Frictional Mater. 5 (8), 627–652.
Desrues, J., Chambon, R., 2002. Shear band analysis and shear moduli
calibration. Int. J. Solids Struct., 393757–393776.
Desrues, J., Viggiani, G., 2004. Strain localization in sand: an overview of the
experimental results obtained in Grenoble using stereophotogrammetry. Int.
J. Numer. Anal. Methods Geomech. 28 (4), 279–321.
Finno, R.J., Harris, W.W., Mooney, M.A., Viggiani, G., 1997. Shear bands in
plane strain compression of loose sand. Géotechnique 47 (1), 149–165.
Guo, P., Stolle, D.F.E., 2013. Coupled analysis of bifurcation and shear band
in saturated soils. Soils Found. 53 (4), 525–539.Han, C.H., Vardoulakis, I., 1991. Plane strain compression experiments on
water-saturated ﬁne-grained sand. Géotechnique 41 (1), 49–78.
Hill, R., 1958. A general theory of uniqueness and stability in elastic–plastic
solids. J. Mech. Phys. Solids, 6236–6249.
Huang, M.S., Lu, X.L., Qian, J.G., 2010. Non-coaxial elasto-plasticity model
and bifurcation prediction of shear banding in sands. Int. J. Numer. Anal.
Methods Geomech. 34 (9), 906–919.
Khoa, H.D.V., Georgopoulos, I.O., Darve, F., Laouafa, F., 2006. Diffuse
failure in geomaterials: experiments and modeling. Comput. Geotech.
(331-14).
Kramer, M.G., 1996. Geotechnical Earthquake Engineering. Prentice Hall,
Upper Saddle River, NJ.
Lade, P.V., 1994. Instability and liquefaction of granular materials. Comput.
Geotech. 16 (22), 123–150.
Lade, P.V., 2002. Instability, shear banding and failure in granular materials.
Int. J. Solids Struct., 393337–393357.
Lade, P.V., 2006. Assessment of test data for selection of 3-D failure criterion
for sand. Int. J. Numer. Anal. Methods Geomech. 30 (4), 307–333.
Lade, P.V., Pradel, D., 1990. Instability and plastic ﬂow of soils. I:
Experimental observations. J. Eng. Mech.—ASCE 116 (11), 2532–2550.
Lade, P.V., Yamamuro, J.A., 2011. Evaluation of static liquefaction potential
of silty sand slopes. Can. Geotech. J. 48 (2), 247–264.
Laouafa, F., Prunier, F., Daouadji, A., Gali, H.A., Darve, F., 2011. Stability in
geomechanics, experimental and numerical analyses. Int. J. Numer. Anal.
Methods Geomech. 35 (2), 112–139.
Lu, X., Bardet, J.-P., Huang, M., 2012. Spectral analysis of nonlocal
regularization in two-dimensional ﬁnite element models. Int. J. Numer.
Anal. Methods Geomech. 36 (2), 219–235.
Lu, X.L., Huang, M.S., Qian, J.G., 2011. The onset of strain localization in
cross-anisotropic soils under true triaxial condition. Soils Found. 51 (4),
693–700.
Lyapunov, A.M., 1907. Problème général de la stabilité des mouvements.
Annales de la Faculté des Sciences de Toulouse, 9203–9274.
Nicot, F., Darve, F., 2011. Diffuse and localized failure modes: two competing
mechanisms. Int. J. Numer. Anal. Methods Geomech., 35586–35601.
Noda, T., Xu, B., Asaoka, A., 2013a. Acceleration generation due to strain
localization of saturated clay specimen based on dynamic soil–water
coupled ﬁnite deformation analysis. Soils Found. 53 (5), 653–670.
Noda, T., Xu, B., Akira, A., 2013b. Realization of uniform deformation of soil
specimen under undrained plane strain condition based on soil–water
coupled ﬁnite deformation analysis considering inertia forces. Soils Found.
53 (6), 937–950.
Nova, R., 1994. Controllability of the incremental response of soil specimens
subjected to arbitrary loading programs. J. Mech. Behav. Mater. 5 (2),
193–201.
Papamichos, E., Vardoulakis, I., 1995. Shear band formation in sand according
to non-coaxial plasticity model. Géotechnique 45 (4), 649–661.
Pietruszczak, S., Stolle, F.E., 1987. Deformation of strain softening material,
Part II: Modelling of strain softening response. Comput. Geotech. 4 (2),
109–123.
Prunier, F., Laouafa, F., Lignon, S., Darve, F., 2009. Bifurcation modeling in
geomaterials: from the second-order work criterion to spectral analyses. Int.
J. Numer. Anal. Methods Geomech. 33 (9), 1169–1202.
Qian, J.G., Yang, J., Huang, M.S., 2008. Three-dimensional noncoaxial
plasticity modeling of shear band formation in geomaterials. J. Eng.
Mech.—ASCE 134 (4), 322–329.
Ramos, A.M., Andrade, J.E., Lizcano, A., 2012. Modelling diffuse instabilities
in sands under drained conditions. Géotechnique 62 (6), 471–478.
Rice, J.R., Rudnicki, J.W., 1980. A note on some features of theory of the
localization of deformation. Int. J. Solids Struct., 16507–16605.
Rudnicki, J.W., Rice, J.R., 1975. Conditions for the localization of the
deformation in pressure sensitive dilatant materials. J. Mech. Phys. Solids
23 (6), 371–394.
Shapiro, S., Yamamuro, J.A., 2003. Effects of silt on three-dimensional stress–
strain behavior of loose sand. J. Geotech. Geoenviron. Eng.—ASCE 129
(1), 1–10.
Sladen, J.A., D’Hollander, R.D., Krahn, J., 1985. The liquefaction of sands, a
collapse surface approach. Can. Geotech. J., 22564–22578.
X. Lu et al. / Soils and Foundations 54 (2014) 1070–10801080Vaid, Y.P., Sivathayalan, S., 2000. Fundamental factors affecting liquefaction
susceptibility of sands. Can. Geotech. J. 37 (3), 592–606.
Wan, R., Pinheiro, M., Daouadji, A., Jrad, M., Darve, F., 2013. Diffuse
instabilities with transition to localization in loose granular materials. Int. J.
Numer. Anal. Methods Geomech. 37 (10), 1292–1311.
Wanatowski, D., Chu, J., 2012. Factors affecting pre-failure instability of sand
under plane-strain conditions. Géotechnique 62 (2), 121–135.
William K.J., Warnke E.P. Constitutive model for the triaxial behavior of
concrete. In: International Association for Bridge and Structure Engineer-
ing Proceedings, 1975, Bergamo, Italy 19. 1-31.Yang, Y., Yu, H.-S., Kong, L., 2011. Implicit and explicit procedures for the
yield vertex non-coaxial theory. Comput. Geotech. 38 (5), 751–755.
Yang, Y.M., Yu, H.S., 2010. Numerical aspects of non-coaxial model
implementations. Comput. Geotech. (3793-102).
Zienkiewicz, O.C., Huang, M.S., 1995. Localization problems in plasticity
using ﬁnite elements with adaptive remeshing. Int. J. Numer. Anal.
Methods Geomech., 19127–19148.
